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ABSTRAcT A theory for the effect of concentration on osmotic reflection coefficient, correct to first order, was
developed at the molecular level by considering the effect of solute-solute interactions on solute concentration and the
fluid stress tensor within a solvent-filled pore. The solvent was modeled as a continuous fluid and potential energies
between solute molecules and the pore wall were assumed to be pairwise additive. Although the theory is more general,
calculations are presented only for excluded volume effects (hard-sphere for solute, hard-wall for pore). The relationship
between the first-order concentration effect and the infinite dilution value of reflection coefficient appears to be
geometry independent. The theory is discussed in light of experimental studies of osmotic flow that have recently
appeared in the literature.
INTRODUCTION
The reflection coefficient has proven to be a useful parame-
ter with which to quantify the departure of a membrane
from semipermeability. In an operational sense it is defined
here as
a
-=.4 . (1)
J, is the volume flux of solution, or mean flow velocity,
through a membrane that separates two reservoirs dif-
fering in osmotic pressure by AML. The mechanical pres-
sure is the same in both reservoirs, so that the driving force
for the flow derives solely from the osmotic gradient. Lpo is
the hydraulic coefficient of the membrane that relates the
flow rate of pure solvent to an applied mechanical pressure
difference. a equals 1 implies the membrane is semiperme-
able and hence an osmotic pressure difference has the same
effect of generating flow as a mechanical pressure differ-
ence of equal magnitude but opposite sign (Mauro, 1960).
There are two basic applications for af in biological
systems. First, it is used to calculate the transmembrane
flow given AHL,,; and second, its measured value is often
used to infer something about the structure of the mem-
brane, for example, the pore size (e.g., Curry et al., 1976).
In the second case a theoretical model relating membrane
structure to osmotic flow is required. Nearly all such
theories assume infinite dilution of the solute and consider
only interactions between one solute molecule and the pore
wall. One often used theory is the hydrodynamic pore
model that assumes the pores are infinitely long compared
with the radius, the pore cross section is geometrically
simple, such as a circle or slit, and the solute is a rigid
Brownian sphere that views the solvent as a continuum
with regard to hydrodynamic effects. There are two meth-
ods of deriving the dependence of a on solute and pore
properties. The most common is to model the filtration
reflection coefficient (acl) and then apply Onsager's sym-
metry theorem to equate a(f = a, as Staverman (1951) first
suggested from thermodynamic arguments, and as later
supported from a hydrodynamic-thermodynamic analysis
by Levitt (1975). A more direct method (Anderson and
Malone, 1974) considers the actual mechanism of osmotic
flow in terms of pressure distributions generated inside a
pore by a gradient in solute concentration. If hydrody-
namic effects of the solute molecules are ignored, the direct
method gives an expression for a that is equivalent to that
for a(f for any pore cross section (Anderson, 1981).
One of the experimental problems associated with mea-
suring a is that osmotic flows are often small. To increase
flow rates, relatively large values of AlL are needed, but
with macromolecules this means the concentration must be
high, i.e., 1-5% by volume. Although IL can be deter-
mined at these concentrations by direct experimentation,
and hence corrections for concentration effects on All. can
be made (Massaldi and Borzi, 1982), the possibility that a
itself is concentration dependent is generally ignored. As
we shall demonstrate from a theoretical basis, a depends on
solute concentration; thus, the use of infinite dilution
models to deduce pore size from a measured value of
reflection coefficient could lead to significant error.
In this paper we consider the effect of bulk-phase
concentration on the distribution of solute molecules in
small pores and the concommitant flows generated by
gradients of the concentration. Concentration effects on
equilibrium partitioning have been examined in some
detail from a basis of statistical mechanics (Glandt, 1980;
Anderson and Brannon, 1981), and experimental evidence
of a concentration-dependent partition coefficient has been
published (for example, Rudin, 1971; Satterfield et al.,
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1978; Brannon and Anderson, 1982). The solute-solute
forces responsible for the concentration dependence of the
distribution also affect hydrostatic stresses within the fluid
as a whole (Anderson, 1982). We first summarize the
statistical basis of the concentration effect in terms of
solute-solute interactions within a small pore and develop
the equilibrium stress tensor correct to O(C'), where C. is
the bulk-phase concentration of solute molecules, for two
pore cross-sectional geometries, slit and circular cylinder.
The equilibrium stress tensor is then used to derive the
velocity field within a pore connecting two bulk solutions of
equal mechanical pressure, but unequal solute concentra-
tion. By integrating this velocity field over the pore cross
section, we compute J., and then a using Eq. 1. The result is
of the form
a = u01 + K1C,.+ O(C2)], (2)
where a,, is the infinite-dilution reflection coefficient, and
C,,. is the arithmetic-mean concentration between the two
reservoirs. The parameter, K,, is negative for solute mole-
cules whose interactions are predominantly of the hard-
sphere type, and depends on the size of the solute molecule
relative to that of the pore; our results for the two pore
geometries are plotted in Fig. 4. Because the O(C') terms
are unknown, Eq. 2 is of limited practical value as written,
but can be used to estimate effects at higher solute
concentrations by using the reciprocal of the first-order
result
0,o
a aO ~~~~~~~(3)1 - Kx Co.
The values of K1 presented here were calculated assum-
ing hard sphere-hard wall interactions among the solute
molecules and the pore wall, but the theory is generally
valid for any form of the solute-solute and solute-pore wall
potential functions as long as they are pairwise additive.
An interesting result is that although KI depends on solute-
to-pore dimension and pore geometry, the relationship
between K, and ao seems to be geometry independent, as
seen in Fig. 6. The consequence of a concentration-
dependent reflection coefficient on the interpretation of
osmotic flow data in terms of membrane (pore) structure is
discussed.
GLOSSARY
a solute radius, m
b, function defined by Eq. 4, m'
B2 osmotic virial coefficient (Eq. 26), m3
C solute concentration inside pore, m-r
C. solute concentration of bulk solution in equilibrium with pore,
mr3
D. functions defined by Eq. 37, M3(n'-)
E(x) energy of one solute particle whose center is at x, J
F. functions defined by Eq. 22c, m3(n' )
G,,GC functions defined by Eqs. 23 and 36, m'
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unit tensor
solution flux through membrane, m/s
Boltzmann constant, J/OK
partition coefficient for solute between pore and bulk solutions
(Eq. 5)
value ofK as C,,,- 0
pore length (membrane thickness), m
hydraulic coefficient of membrane, m3/N.s
term proportional to C"
solvent pressure, N/rm2
total pressure of bulk solution, N/M2
radial position inside circular cylindrical pore, m
radius of circular cylindrical pore, m
r/ro
temperature, OK;
osmotic flow velocity in z direction, mr/s
energy of two solute particles separated by center-to-center
distance r, J
volume of solute molecule, m3
position of center of solute molcule, m
position of center of solute molecule, m
Y/6
axial position in slit or circular pore, m
pore area (volume) fraction in membrane
coefficient defined by Eq. 6, m3
half-width of slit pore, m
solution viscosity, kg/m * s
viscosity of solvent, kg/m * s
coefficient defined by Eq. 2, m3
a/6 or a/ro
solute stress tensor, N/M2
osmotic pressure of bulk solution, N/M2
osmotic reflection coefficient, defined by Eq. 1
value of a as C,- 0
the part of T contributed by the solute, N/M2
contribution to Q from solute-solute forces, N/M2
static stress tensor, N/M2
viscous stress tensor, N/IM.
EQUILIBRIUM CONCENTRATION AND
STRESS DISTRIBUTIONS INSIDE SMALL
PORES
The pores are assumed to be very long compared with their
width, so end effects are negligible. Two cross-sectional
geometries are considered, slit and circle, as shown in Fig.
1. The solute molecules are considered spherical particles
of radius a that interact directly through a pair of energy
U(r), if the particle centers were separated by distance r.
The pore wall effect on a particle at position x is described
by the energy E(x). In this section we consider only the
equilibrium case, that is, each pore connects two bulk
phases that have the same solute concentration C.,, and
mechanical pressure PI,..
The concentration of solute within a pore, C(x), is not
uniform because of the wall interaction. The solute par-
ticles distribute themselves in such a way to maintain
constant chemical potential equal to the bulk-phase value.
The configurational statistics required to compute C(x),
given the two interaction energies, U and E, and the bulk
solute concentration, C,., are described elsewhere (Glandt,
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FIGURE I Pore geometry. (y, 6) refers to slit cross section, (r, ro) refers
to circle.
1980; Anderson and Brannon, 1981). Truncating the dis-
tribution after the O(C') term, the local concentration is
given by
C = CE. exp(-E(x)/kT) [1 + bl(x)CJ], (4)
where b, is an integral involving E and Uover the position
of a second solute particle given a first particle at x. In this
paper we shall consider only hard sphere-hard wall
(HSHW) interactions: U equals co, if r < 2a; otherwise U
equals 0. E equals cc, if particle center is within distance a
of the pore wall; otherwise E equals 0. These interactions
describe purely steric effects on the system, that is, two
particles cannot overlap and a particle cannot penetrate the
pore wall.
In Fig. 2 the solute concentration profile within a slit
pore is plotted to illustrate the concentration effect. The
dotted line is the result expected if particle-particle interac-
tions are neglected. The effect of these neglected interac-
tions is an excess of solute just outside the excluded region
.4... - .t -. l.
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near the pore wall. The partition coefficient, K, is defined
as the ratio of mean solute concentration inside the pore to
the bulk concentration
-(C) 1I C(Xdx)
Cc. VP ~p CG (5)
where Vp is the pore volume, and dx the volume differen-
) tial. From Eq. 4
K=Ko[I + a,C, + o(C')]
(6)Ko = (exp (-E/kT))
a, = K-o (b, exp(-E/kT)).
The O(C2) expression in Eq. 6 means this result neglects
terms proportional to C2 and higher powers. Ko is the
infinite-dilution partition coefficient that was analyzed in
some detail by Giddings et al. (1968). a, is positive for
HSHW interactions because C > C<. outside the excluded
region near the wall, as shown in Fig. 2. Values for al vs.
the ratio of particle-to-pore size (X) are given by Anderson
and Brannon (1981).
Osmotic flows occur because of unbalanced stresses that
develop inside pores under nonequilibrium conditions, for
example, when the pores connect bulk reservoirs of unequal
solute concentration. However, to model these flows we
must first appreciate the origin of these stresses under
equilibrium conditions. Let Q be the equilibrium (hydro-
static) stress tensor inside the pore, defined in the usual
mechanics sense: n * QdS is the force by solution on the + n
side of an element of area dS, where 'n is the unit normal
vector of dS. Even at equilibrium there are variations in Q
because of the existence of the pore wall, which exerts a
force, -VE, on each solute particle.
From the definition of Qi we write the differential force
balance in the pore fluid as
V * - CVE =0. (7)
The stress tensor has two components,
= - Pol + H*, (8)
where P0 is the "solvent pressure" (I is the unit tensor), and
II* the solute stress. The latter consists of a kinetic
contribution proportional to C(x), and a configurational
contribution (X(P)) that accounts for particles exerting
forces on each other
11*
=
-C(x)kTI + X(P) (x). (9)
We are using McMillan-Mayer solution theory (Hill,
1960), which assumes that the presence of solvent can be
ignored in the configurational statistics of the solute par-
ticles, except for its effect on the potentials U and E.
Decomposition of the total stress, Q, into solvent and solute
contributions is the mechanical analogue of the McMillan-
Mayer thermodynamic model, so that we expect the
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following. (a) P0, the solvent pressure, is uniform at
equilibrium conditions; and (b) the configurational part of
the solute stress can be computed from the formula derived
by Irving and Kirkwood (1950) for a one component fluid
X(P) = I ,dsf--dp(2) [X-sr,x + (1 -s)r]dr. (10)2Jo r dr
In this expression r is the vector drawn from the center of
one particle (located at x) to the center of a second particle
(at x + r), and the integration with respect to the volume
differential dr is over infinite volume. p(2) (X,, X2) is the
probability that one particle is at x, and a second particle is
at x2. Note that p(2) has units of concentration-squared,
and hence X(P) is the sum of particle repulsions, each
particle pushing on the other with a force - dU/dr.
Before proceeding further, it is worthwhile to examine fl
in bulk solution (E = o). p(2) is now only a function of the
distance (r) between two particles, so the ds and the
angular parts of the dr integrations of X(P) can be
performed directly. Combining Eqs. 8-10 obtains'
X = -(P0 + II)I (I la)
1I. = C,kT - - r3dU p (2) (r)dr. (1 I b)3 o dr
For hard-sphere solute interactions, the above integration
is easily performed with the result
H. = CokT(I + 4vC,) + O(C3), (1IC)
where v is the volume of one solute particle. In the
McMillan-Mayer theory of solutions, IL. is known as the
"osmotic pressure" (Hill, 1960). The total pressure of the
solution is P,, = P0 + IL. Now consider two bulk solutions,
designated 1 and 2, that have equal solvent chemical
potentials, but different solute concentrations. By the
definition of osmotic pressure, the pressure difference,
P-2 - P,,,, must equal llo2 - H,, to maintain solvent
equilibrium; thus, from Eq. 1 la we see that P., = P02. In
general, the solvent pressure is equal among all solutions
having the same solvent chemical potential.
Because we are considering only O(C2) effects and
neglecting higher order contributions, the two-particle
distribution function is computed from
p(2) (XI, X2) = C2exp[-U(rl2)/kT]exp
[-E(xl)/kT]exp[-E(x2/kT]. (12)
Substitution of this expression into Eq. 10 gives
X(P) =C2 I dsj --f exp[-U(r)/kT]exp2 r dr
[-E(x - sr)/kTJexpl-E[x + (I - s)r]/kTldr. (13)
Because of the wall effect this stress tensor is nonisotropic.
'Note that IL is defined such that n: - -I I.
For the slit pore geometry, symmetry considerations of Eq.
13 (or, Eq. 10) show
X(P) = X(P) (Y)eYeY + X(TP)(Y)[I - eyeY] (14)
where X(P) is the stress in the direction perpendicular to the
pore wall and X(P) acts in the two directions parallel to the
wall. In the case of a circular pore cross section,
X -P)= X'P) (r)erer + X(P) (r)6e + X(P) (r)6,ez, (15)
where (r, ),z) are circular cylindrical coordinates, z being
the axial position along the pore. These scalar components
(X 1P1, X(P) etc.) are also functions of X, the ratio of particle
size-to-pore size (a/b for slit, a/ro for circle). The values of
these components vs. position and X were computed for
HSHW interactions; details of the calculations are given
elsewhere (Adamski, 1982). The results for a slit pore are
in analytical form, but some numerical integrations were
required for the circular pore geometry.
The total equilibrium stress tensor is determined, correct
to O(C2), by combining Eqs. 8-9 with Eq. 13. The form of
Q is the same as X(P), either Eq. 14 for slit pores or Eq. 15
for circular pores. The analytical results for the normal and
tangential components of Q in a slit pore are given in
Scheme I. In these equations, h is the distance from the
pore wall divided by a, and h. = b/a. To illustrate the
variation of the equilibrium stress tensor, consider a slit
pore when X = 0.5. A plot of the "tangential pressure,"
-QT, is found in Fig. 3. In the region near the wall (1 > y >
I - X), where particles are excluded, the pressure equals
the solvent pressure, which is uniform
-QT= PO = P. - C,kT[I + 4vC,,] (16)
= P. - IL.
P,, is the bulk fluid pressure (outside the pore). Thus, the
pressure in the excluded region is lower than the bulk
pressure by an amount equal to the bulk fluid osmotic
pressure. For y < 1 - X, the tangential pressure exceeds P,,.
by an amount proportional to C2. This excess pressure
results from the forces exerted between the particles, and
as noted in the next section, it is the excess pressure that
leads to the concentration dependence of the reflection
coefficient.
FLOW IN THE NONEQUILIBRIUM CASE
Consider a membrane separating two reservoirs of dif-
ferent solute concentration but equal total pressure (PO).
Because only pressure differences are important in liquid
(incompressible) solutions, we arbitrarily set P, = 0 for
algebraic convenience. The membrane is modeled as a set
of uniform parallel pores of slit or circular cross section
(Fig. 1). Dimensional analysis can be used (Anderson and
Malone, 1974) to show that in the limit, R/b -- 00, there is
negligible transport in the lateral (y or r) direction within a
pore, and hence the chemical potentials for solute and
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1 ho<3
if 1 <h<ho: bi, 4v1-3 (h -1)+ I (h-1)3
+ [I-3 (2ho - h - 1) + 1(2ho-h - 1)3]H(h-2ho + 3)4 ~~~16
(Note: H[u1 -Oifu<0,H[u] -1 if u>0).
3 < ho
if 1< h < 3: b, =4v 1- (h - 1) + (h -1)3
if 3<<h: b,=-0.
hO<I (all h < ho)
ON-T=C.kT [1 + 4vCj .
1 <ho<2
if 0< h < 1: ON-4T-CT [I + 4vC];
if I < h < ho: QN=-4VC2kT[I - 3(ho- 1)+ 2I(ho - 1)3]
QT - -4VCZ kT{[I - -(h - 1)-- (ho - 1)3]+A[(ho0- 1)3 + (2ho - h -
+ 3 (h - 1) In (h- 1)] _ 3(2ho - h -1) I 2ho -h1-+4(21ho 1 4 2(ho 1)
2< ho < 3 -
if O<h< 1: ON=QT - CJkT [I + 4vC];
jf l<h<2ho-3: QN-0
UT -4vC- kT -8 (h - 1) + 32 (h - 1)3- (h - I) In(2)|
if 2ho-3<h<ho: QN=0
UT -4vC! kT|- 83[(h - 1) + (2ho - h - 1)]
3 3 1h3-I
+ - [(h - 1)3 + (2ho - h- i) -- (h - 1) In32 4 \2;
3 2ho - h - I
--(2h30-h-1)l3 < IIn4 \2/
3< ho
if O<h<l:
if 1<1h<3:
SIN -QfT- C_kT [I + 4vC_];
SIT-- 4vC kT - 8(h - 1) + 32(h- 1)3- (h - 1) In 2~);
it .3<h: 12N-T-0
SCHEME I
solvent within any pore cross section are uniform. Further-
more, in this limit there is equilibrium at the pore ends
between the solution just inside the pore and the bulk
solution outside. The pore ends equilibrate with the bulk
solutions to create a driving force for flow in the axial (z)
direction. Note that boundary layer ("unstirred layer")
effects (Pedley, 1980) are not included here; if they are
significant, the term "bulk solution" as used here refers to
the fluid adjacent to the membrane, and C. is the solute
concentration at the solution-membrane interface.
The axial gradient of solute concentration, of order
AC./2, is assumed sufficiently small that, on the scale of
solute or pore radius, changes in distribution with respect
to changes in axial position z are negligible. This is
certainly an accurate assumption in the limit R/6 -- o, and
means that the hydrostatic stress tensor, Q, shows the same
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SOLUTE-SOLUTE EFFECT ON STRESS
X 0.5
-4al
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velocity (ut) is needed. Assume this relationship is New-
tonian. The solvent contributes to the stress through its
coefficient of viscosity (X70), while the contribution by the
solute particles is designated by Z. The "long pore"
assumption allows the simple form'99'
-v/
'9
'99'
'9
'9
'9
'9
'9
'9/
'9
9,
'9
'9
'9
TY= n uz + Xyz. (21)
The velocity field and solute viscous stress are expanded in
powers of CO..
uz= u) + u " 2++(2)+
Tyz-2(l) + 2(2) + . . .
(22a)
(22b)
I a 0.47?7 C4vCw3
FIGURE 3 Tangential pressure profile inside slit pore, correct to O(C,).
dependence on y and C,. as in the equilibrium case
discussed in the previous section. Note, however, that now
CO. depends on z, where C,. is the solute concentration of a
bulk solution that is in chemical and mechanical equilib-
rium with the fluid inside the pore at the cross section
designated by the value of z. The dependence of C,. on z
results in a small but important variation in QT with z,
which must be balanced by the fluid in the form of viscous
forces resulting from flow in the z direction. If we let T be
the viscous stress tensor, the differential force balance on
the fluid is given by the following for this nonequilibrium
situation
V. [Ql+TJ - CVE=0. (17)
The lateral components (y or r) restate mechanical equi-
librium, equivalent to Eq. 7, but the z component intro-
duces a balance between hydrostatic and viscous forces
that must be solved to determine the fluid velocity.
We first consider the slit pore geometry. Dimensional
considerations show that the only significant components
of T are Ty, = Tzy Tzy contributes negligibly to the y
component of Eq. 17, so that
&IN CdE 0, (18)
ay dy
which is automatically satisfied by the equilibrium calcu-
lation of fl, Eqs. 8-10. The z component of Eq. 17 is
'Tyz
_a(19)
Oy az
This expression can be integrated once over y, with the
condition Tyz = 0 on y =0, to obtain
T
-fz QT(y') dy'. (20)
To proceed further a relationship between the viscious
stress Tyz and the z component of the mass-average fluid
where u(m) and 2() are O(Cm). The osmotic stress is
likewise an expansion in powers of C,. as derived in the
previous section
QT C,,kT[F(y) + C,,F2(y) + O(C2)J. (22c)
The expansion functions, Fm(y), can be computed from
Eqs. 8-10 for arbitrary E and U; for the specific case of
HSHW interactions, F, and F2 can be obtained directly
from Scheme I.
The evaluation of 2:('), even for HSHW interactions, is
difficult and represents the limiting step in this theory. The
nature of this function is discussed in the Appendix. By its
definition it is proportional to C,., and we also expect it to
be proportional to kT(dC,,/dz). Define the function GI (y)
by
dC,.
Z")(y,) =CkT-dz" I() (23)
The form of GI depends on the y dependence of u(0) as
discussed in the Appendix, where it is argued that its
contribution to K1 is quite small relative to that from S1.
The osmotic velocity field is computed by substituting
Eqs. 21-23 into Eq. 20 and integrating once using the "no
slip" condition, u, = 0, at the pore wall. The result for u, is
then averaged by integration over the pore cross section to
obtain the mean velocity (u,), which is independent of z
because the pore walls are impermeable. Retaining terms
up to and including O(C,), we have
(uz) = (52 y2) F,(y)dy +
[ (6(2 _ y2) F2(y)dy + £yG,(y)dyJkTA, (24)
where C,, is the arithmetic mean of the two reservoir
concentrations. The membrane volume flux is a (uz),
where a is the pore volume fraction of the membrane. The
hydraulic coefficient for a membrane with slit pores is
as2
LPO 3v0 (25)
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The osmotic pressure difference, correct to O(C,,), is
computed from Eq. 1 lb.
A.=(1 + 2B2ZC,) kTAC,,
B2= 3kT f r3 d expV-U(r)/kT]dr.
The reflection coefficient is obtained by substituting
Eqs. 24-26 into Eq. 1
a= U(I +KC,,) (27)
CO = 3/2 65 I (52 - y2)Fl (y)dy (28a)
K1 = 3o a
1((62 - y2)F2(y)dy + 'yGI(y)dy] -2B2 (28b)
Keep in mind that O(C') terms were neglected in deriving
Eq. 27. From Eqs. 8-10 and Eq. 22c one can show that
F,(y) = 1 - exp[-E(y)/kT] (29)
for any wall potential energy, E. In principle, F2(y) can
also be derived from these equations for arbitrary E and U,
but the numerical work could be prohibitive in many
cases.
By substituting Eq. 29 into Eq. 28a one obtains an
expression for ao of slit pores that has previously been
derived in the C.,,- 0 limit (Anderson, 1981). For the case
ofHSHW interactions one obtains
a0= 1/2 2X(3- X). (30)
The computation of K1 is limited by uncertainty in G,.
Estimates made in the Appendix indicate the contribution
of G, to K, is quite small. Therefore, we feel justified in
neglecting this term and use the following to compute KI for
slit pores
* 3f-la -3Jo (52 - y2)F2(y)dy - 2B2. (31)
The above relationship is plotted in Fig. 4. No concentra-
tion effect on a is realized at XA, 1, because no solute
molecules can enter the pore in this limit; that is, the
membrane is semipermeable and Al,, becomes equivalent
to a pressure -AP,.. The greatest concentration effect
occurs at X -*0, in which case K - - 10.27v.
The analysis for a circular cylindrical pore of radius ro
parallels the derivation for a slit with only a few changes
algebraically. The z component of Eq. 17 in cylindrical
coordinates is
--(rT.) --,rOr dz (33)
which, when integrated once gives
T. = j.z [I< r'2u (r')dr']. (34)
The assumed relationship between Trz and the osmotic
velocity field is the same as for the slit pore. Including
terms only up to O(C,),
TrZ =n0° dZ + | Z1od +ZM]T
--o70cr 70 0cr rl (35)
As before, a function G * is defined by
-z-C,. kT-G (r),dz (36)
and the osmotic stress is expanded as
Q. (r) = CkkT[D, (r) + C. D2(r)]. (37)
Following the strategy outlined for slit pores, but using
For HSHW interactions B2 = 4v and F2(y) is obtained
from the information in Scheme I. By substituting these
into Eq. 31 the following expression results.
X.1: Kj=O
-4 82 140.5 < X < 1: K/v= - (ho - 1)5 - (ho-1)'15 45
479 W 1,742
+ (ho (ho -I)'135 405
15,634 (ho - 1) + 2,1081,215 3,645
4,216 1
3,645 3ho- I .
X < 0.5: Kiu/V = - 5++ (3 1 )
(ho = A ').
2
=
aro8r_
10
-K1
V 5
e 010.27
".
".
'° [1 +K1 COD]
_lit
\\--S t
Circle
0 I I I
O
x
(38)
FIGURE 4 First-order coefficient (K1) VS. solute-to-pore size (X). The
(32) curve for the slit pore was computed from Eq. 32.
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we obtain Eq. 27 with the following expressioni
parameters of a circular cylindrical pore
CO = 4rO J_ (r' - r2)rD, (r)dr
K1=~~~~~
Ki = 8a-rr-4
[J( (ro2- r2)rD2(r)dr + Jo r2G (r)dr]-
Closer inspection of Ql, shows that
DI(r) = 1 - exp[-E(r)/kT].
Combining Eqs. 39a and 40 and assuming HSI
tions yields
00 = X2(4 - 4X + A2
the same result obtained earlier by neglecting s
interactions (Anderson and Malone, 1974). B
calculations for slit pores in the Appendix, we
contribution of G to be small relative to the
and hence offer the following as a good approi
circular cylindrical pores.
KX = 8a 10r- fr (ro- r2)rD2(r)dr - 2
For HSHW interactions,
D2= 4v if r > ro-a
= 4v - b1(r) + lim [(kTC2)-'X((r)] if rX
c-o
Computations of b, and X(P) are found elsewh
son and Brannon, 1981; Adamski, 1982). Th
values of Kc computed from Eqs. 42 and 43 a
Table I and plotted in Fig. 4. The results are
because X(P) was only evaluated in the range 0.5
the limit X -- 0 the curvature of the pore w
insignificant on the scale of a solute part
approaches - 10.27v, the same value as for slit
DISCUSSION
The quantitative validity of our numerical re
reported in the previous section depends on seve
tions. First, the pores should be capillaries c
longer than their width, so that the assumption
and mechanical equilibrium within any pore c
TABLE I
NUMERICAL RESULTS FOR CIRCULAR
X
-K} V
0.5 4.299
0.6 2.828
0.7 1.551
0.8 0.665
0.9 0.162
1.0 0.000
s for the two is accurate. Tight membranes, that is, those of relatively
low porosity (<20% by volume pores) probably adhere to
this requirement. Second, the calculations were performed
(39a) using a hard-sphere potential function for the solute and a
hard-wall potential for the pore wall. However, the basic
model developed here is more general and can be applied to
2B2- (39b) arbitrary solute-solute (U) and solute-pore (E) potential282. (39b) functions. With a computer at hand, the requisite calcula-
tions for b, (see Anderson and Brannon, 1981) and X(P)
(see Eq. 13) can be made to include, say, electrostatic
(40) components in U and E. K, could then be computed for
charged solutes, such as proteins.
-1W integra- Another important assumption is that the contribution
of the solute toward the viscous stresses that oppose
(41) osmotic flow is small, at least at O(Cj. We offer Eqs. 31
and 42 as good approximations for K. Quantitative argu-
;olute-solute ments justifying this assumption are made in the Appen-
lased on the dix. At first thought one might conclude that the solute
:expect the stress contribution, contained in G, and GI integrals of Eqs.
other terms 28b and 39b, might be - 2.5v, because this is the O(C,)
Kimation for correction appropriate for macroscopic suspensions of rigid
spheres (see Eq. Al). That the correction is an order of
magnitude smaller than this, <5% of Kj, is due to the fact
82. (42) that the O(C°, osmotic velocity field is uniform in the
central regions of the pore and has a finite gradient only
within a distance of one solute radius from the pore wall
(see Fig. 5). Solute contributions to the viscous stresses are
proportional to the product of velocity gradient and the
(43) local solute concentration. Because the concentration ofr0 - a.
solute particles, by volume fraction, is very small near the
ere (Ander- pore wall, there is little interaction between them and the
e numerical velocity gradient, and hence the net contribution of 2(') is
ire listed in small relative to the O(C,,) correction to the gradient of
incomplete osmotic stress.
c<A <1. In Fig. 4 shows that the magnitude of K, increases as X
all becomes decreases for each pore geometry. This result is perhaps
ice and K1 not too surprising when one considers the X equals 1 limit.
;pores. In this case no solute molecules can enter the pore, andhence UT = -PO(z) throughout the entire pore cross
Zsults for K1 2.27 vC0
ral assump- H -
onsiderably
of chemical
Kross section *
.velocity profile
when C0
h 2
-Al ~
h=
PORE
-hxl
h w.t -h-1-3vC 1
LZ /Z7 2/ 2.32vC'
PORE WALL
FIGURE 5 Dimensionless osmotic velocity, [U,/(a2kT/2uio) (dCQ/dz)],
vs. position from pore wall (h - distance/a) for a large slit pore (X < 1/3).
When C.< = 0 and h > 1, the dimensionless velocity equals 1. Solute/pore
wall interactions are assumed to be of the HSHW type.
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section. Because P0 = -IL, there is no concentration effect
(KI = 0) and the osmotic flow has the same strength as if a
pressure difference APl,. = -AIL were applied. This
limiting result is true to any order of C,. considered. On the
other hand, at the X = 0 limit the solute molecules can
crowd around each other at the pore wall, without being
screened by the wall as much as when it is curved (X> 0),
so that solute-solute interactions are greatest here. Note
that as X , 0 for any shape pore, K, - 10.27v since the
pore wall appears flat on a local scale (-0 [a]), and thus
the slit result is valid for all geometries in this limit.
The different results for K1 for the two geometries can be
explained using the above discussion. At given X for slit and
circle, the circular pore provides more shielding between
solute molecules, which reduces the concentration effect.
One would thus expect the magnitude of K1 to be greater for
the slit pore than for the circular pore, as is obvious from
Fig. 4. However, a comparison of Eqs. 30 and 41 indicates
that, at the same X, the value of a. is greater for the circular
pore. Given the general trend that -K, increases as X
decreases, one might expect a correlation between K, and ao.
that is less sensitive to pore geometry. Such a graph is
shown in Fig. 6, and remarkably, the calculations for slit
and circle appear to lie on one line. By performing a
one-parameter, least-squares fit to the calculated points in
Fig. 6, omitting the X = 0 point, we obtained the following
KI =-9.66(o,O- 1). (44)
This result is very nice in that it seems to be independent of
pore geometry (a slit and circle are opposite extremes of
simple pore cross-sectional geometries).
The direct use of K1 in Eq. 2, with O(C') terms neglected,
is of limited quantitative usefulness. Before suggesting a
way to get around this problem, we consider whether or not
10 0 Slit
0 Circle
-KI
V 5
K= 9.66(1-%c0)
0 1
FIGURE 6 The straight line was fit by a least-square criterion. or is
computed from Eq. 30 for the slit and Eq. 41 for the circle, while the
values for K, were taken from Fig. 4.
the next term is a function only of C2, or if it actually
depends on both reservoir concentrations (C,[O] and
C,,[2]). If O(C3) terms are included in QT and IH., Eqs. 24
and 26 adopt the forms
(UZ) I + A2X + A3CG I|- 4-C ]j (45)
All. kT + 2B2C[1 I C.(O)C,,(Q) AC,., (46)
where the An are constants obtained by integrating certain
functions of y over the pore cross section. If we now use
these expressions to compute a, the 0(CC) term will include
both C2 and the ratio C,.(0)C,.(R)/4C2 The latter term is
negligible if one reservoir concentration is much lower than
the other. Assuming this is the case, we can write
f = ff4[l + KIC,. + K2C0, (47)
with negligible error.
The determination of K2, even for HSHW interactions in
a slit pore, presents a formidable computational challenge.
Although b2 (the O[C2] coefficient of Eq. 4) can be
estimated (Anderson and Brannon, 1981) the calculation
of x(P) by Eq. 13 requires p(2) correct to o(C3), which, to our
knowledge, has not been done. Even if Kirkwood's superpo-
sition approximation is used for p(2) to get this next term,
the extra numerical integrations required to obtain X(P)
would be quite time consuming. A more appealing
approach is to rewrite Eq. 27 as
00
1 - K1C,.
(48)
The 0(C,.) expansion of this expression gives KIC,., as re-
quired, while the next term, K2C' is positive. We expect the
coefficient, K2, is also positive, because values of a less than
zero must be avoided even as C,. increases. Thus, Eq. 48
may offer a reasonable approximation for the dependence
of a on C., at moderate solute concentrations.
Data for osmotic reflection coefficient vs. solute concen-
tration were reported by Friedman and Meyer (1981) for
aqueous sucrose solutions across Cuprophan membranes.
These authors defined the reflection coefficient (ao) by
J. =
-uLp kTAC,, (49)
which differs from our definition in Eq. 1. If concentration
effects on Lp are neglected, our coefficient (a) is related to
theirs by
AC.
-=o0kT IIC-. 2Cl2 ) AC + O(AC) , (50)
with the partial derivatives taken at constant temperature.
The 0(AC,) term is negligible for their experimental
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conditions. The relationship between H. and C,. can be
determined from the thermodynamic coefficients plotted
in their Fig. 3 (i,s is the volume fraction of sucrose as
determined by density vs. concentration data, r = [(OQn'y/
cRnCA,)]Tp, where y is the activity coefficient)
Oil,. (1+1r)
=
= kT (51)OC,. (I -)-(51)
If the surcrose molecules are modeled as hard spheres
having no long range forces, the equation of state is
(McQuarrie, 1976)
= kT(
-_4 (52)OiC,. (1 - (52)
Where p,. = vC,,,, and v is the equivalent hard-sphere
volume of one molecule. If Eqs. 51 and 52 are combined
with the values for r and i, as plotted by Friedman and
Meyer (1981), the equivalent hard-sphere volume is
obtained using a least-square error criterion, v = 1.53 x
10-22 cm3, or an equivalent hard-sphere radius of 3.3 A.
The values of a that we computed from Friedman and
Meyer's data (1981) for a, and Eq. 50 are listed in Table
II. It appears that a is nearly constant, or even increases
slightly as C,. increases, in contradiction with our theoreti-
cal predictions. This disagreement does not mean our
theory is invalid; rather, it could mean that a hard-sphere
model for sucrose is incorrect. In support of this contention,
consider that the ratio kP/C,. equals 3.53 x 10-22 cm3,
which is quite a bit larger than the equivalent hard-sphere
volume. This volume per molecule yields a hydrated
sucrose molecular radius equal to 4.4 A, which is relatively
close to the Stokes-Einstein radius 4.7 A (obtained from
the infinite-dilution diffusion coefficient). The small value
of the equivalent hard-sphere radius (3.3 A) implies that
there exists a substantial attractive component to the pair
potential (U) between two sucrose molecules. Further
evidence for this attraction can be found in the fact that the
mutual diffusion coefficient of sucrose decreases as COD
increases (Gosting and Morris, 1949), although the hard-
sphere theory predicts the opposite behavior (Batchelor,
1976). With regard to our theoretical model, the existence
of an attractive component to the pair potential would
TABLE II
REFLECTION COEFFICIENT* VS. C?_ FOR
AQUEOUS SUCROSE SOLUTIONS ACROSS
CUPROPHAN MEMBRANES
CZ, a
moles/liter
0.30 0.24
0.45 0.25
0.70 0.26
0.90 0.24
*o, as defined by Eq. 1, was computed from data by Friedman and Meyer
(1981).
increase KI (make it less negative), and hence a would
change very little or perhaps even increase as C,. increases.
Thus, we conclude that although the data for sucrose by
Friedman and Meyer (1981) are very important in their
own right, they do not represent a good test of our
theoretical model. Note that the behavior of sucrose is
characteristic of most simple sugars.
The paper by Schultz et al. (1979) illustrates how
concentration effects might influence the interpretation of
osmotic flow data. These authors measured osmotic flow
rates resulting from concentration differences of various
molecular weight Dextrans across Nuclepore membranes.2
The dependence of 11,. on C(, was also measured, so the
experimental values of J4 and Al,. were used in Eq. 1 to
obtain a. As Fig. 7 shows, the experimental determinations
are significantly below the ao curve computed for hard
spheres. Schultz et al. (1979) concluded that Dextrans,
because of their deformability, exhibit a smaller reflection
coefficient than a rigid sphere having the same Stokes-
Einstein radius. We suggest that concentration effects
could have contributed to some of the disagreement.
To interpret the results of Schultz et al. (1979) in terms
of concentration effects, we take the solute volume to be
(4/3)ira3, where a is the Stokes-Einstein radius. (In the
case of Dextrans, the hard-sphere radius computed from
the second osmotic virial coefficient agrees with the hydro-
dynamic radius calculated from intrinsinc viscosity [Bran-
non and Anderson, 1982].) In their experiments, the mean
volume fraction of solute, vC,,, was in the range 0.1-0.2.
Because the pores of the membranes were circular, we use
Eq. 41 for ao and predict a from Eqs. 44 and 48. The filled
symbols in Fig. 7 are these estimates. The predictions are
generally much lower than the ao curve, indicating a
substantial concentration effect. Although the theory can-
not account for all differences between the data and the ao
curve of Fig. 7, it does show that concentration effects
probably contributed to a significant fraction of these
differences.
Areekul (1969) measured reflection coefficients of neu-
tral and negatively charged Dextrans in a perfused rabbit
ear membrane. He observed substantial reductions in a as
the Dextran concentration increased over the range 0.5-
5.0% by weight. It is interesting that Areekul interpreted
these reductions in a to imply that the membrane became
more leaky (i.e., the number of leaky channels increased)
as the Dextran concentration increased. Our model is
consistent with these experimental observations without
postulating any changes in membrane structure.
Our definition of a in Eq. 1 is slightly different than
given in some texts. Specifically, some individuals use Lp in
the denominator instead of Loo, where Lp should be consid-
ered a function of C,,. We chose Lpo to avoid having to solve
another problem, namely that of the 0(C,,) solute effect on
2Actually, the authors used an extrapolation procedure to determine the
pressure difference required to halt the flow.
BIOPHYSICAL JOURNAL VOLUME 44 198388
0T
x
FIGURE 7 Data for Dextrans in Nuclepore membranes. The theoretical
calculations were performed using Eqs. 41, 44, and 48.
the hydraulic coefficient of a membrane. The use of L,,o
also has practical advantage in that the hydraulic coeffi-
cient need only be determined with pure solvent and hence
the experimentor does not have to worry about plugging
the membrane pores with solute when he applies mechani-
cal pressure differences to make the determination. In the
experiments of Schultz et al. (1979) and Friedman and
Meyer (1981) a was defined using Lp instead of L.,, so that
a small adjustment would have to be made (Lp < Lpo) to
these measurements to give a as defined in Eq. 1 here.
In summary, we have proposed a model for the concen-
tration dependence of osmotic reflection coefficient based
on pore structure, solute-solute interactions, and viscous
flow. The important results are Eqs. 31 and 42. Although
the theory is formally only correct to 0(CQ,), it can probably
be extended to higher concentrations using Eq. 48. The
calculations presented here are valid for solute-membrane
systems experiencing only HSHW interactions, but the
theory is more general. Besides any possible equantitative
usefulness of the analysis, it deserves notice because it
predicts some concentration dependence ofa even when the
proper concentration dependence of AML is accounted for.
Our message is that experimental determinations of a
should be extrapolated to C,. = 0 if the results are to be
interpreted in terms of pore or solute structure.
APPENDIX
Solute Contribution to Viscous Stresses
1") represents the 0(C,,) effect by the solute on the fluid's ability to resist
deformation caused by gradients in the osmotic stress. This effect arises
because the solute particles are rigid. Because the contribution is 0(CQ,),
its calculation must involve the first-order expression for solute distribu-
tion, C,,exp(-E/kT), and the zero-order osmotic velocity field, uz(0).
According to the mathematical expansion developed in our theory,
solute-solute hydrodynamic interactions do not figure in the computation
of K1, but must be considered if K2 is calculated.
According to Faxen's law (Batchelor and Green, 1972; Brenner and
Haber, 1983), the stress produced by rigid spheres of radius a, volume v =
(4/3)ra3, and concentration C is given by
YE(-= 5vCo [e(°) + ±V2 e(o) (Al)
L 10
where qo( is the solvent viscosity and e(°) the rate of strain dyadic of the
solvent, if the particles were not there,
e(°) =
- [Vut) + Vu(o)T .2 (A2)
Eq. Al applies to solutions that are dilute (vC<< 1) and unbounded.
Although the latter requirement is not met in our system, we shall neglect
any effect that the pore wall might have on V".
We consider a slit pore first. The 0(C2_) osmotic velocity field is
determined by integrating Eq. 20 just once using Eqs. 22 and setting
u(-) 0 at the pore wall.
u(0) kTdC.(a2) i -Uz __if_ y< a
no dz 2
kTdC r 1
---.--a-y)[a--(5 -y)J if 6-a<y<6.
(A3)
The relevant component of e(°) is
e(z) 0 if y < 6-a
kTdC [y-(y-(6-a)] if 6-a<y<6. (A4)
no dz
The concentration field, correct to 0(CQ, is
C = C,. exp [-E (y)/kT]
=C,,ify<8-a (A5)
=Oif5 - a<y<a
After substituting Eqs. A4 and A5 into Eq. Al, we obtain G, as defined by
Eq. 23
_--[1- Fh (Y*)] 5Y* Fh (Y*) + Fd (y*)I, (A6)22
where y* - y - (6 - a), and Fh and Fd are the Heaviside step function
and the Dirac delta function, respectively. Substitution of this expression
into Eq. 28b produces a correction (AK,) due to hydrodynamic effects of
the solute particles
3 (1-A)
4 (3 - A) (A7)
In Table III we list some values of KI, as computed from Eq. 31 (or Eq.
32), and AK,, from Eq. A7. The correction, AK,, is generally only 2% of the
magnitude of Ki, and in our opinion, negligible. Thus, Eq. 31 is an
excellent approximation, and there is no need to include solute effects on
the viscous stresses arising from the osmotic flow. The reason why solute
TABLE III
VALUES OF HYDRODYNAMIC CORRECTION
A (KIIV)* (6K /V)t
0 -10.27 -0.25
0.33 - 8.08 -0.19
0.50 - 6.76 -0.15
0.67 - 4.79 -0.11
1 0 0
*Computed from Eq. 32.
tComputed from Eq. A7.
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molecules do not significantly contribute to the viscous stress is found in
their distribution; solute molecules are constrained to the central region of
the pore (y < a - a), where e( is zero, and only the V2 e(°) part of 2P') is
nonzero as the pore wall is approached.
A similar analysis can be made for circular pores. For hard-sphere
interactions, the rate of strain of the O(C°_) osmotic flow is
e()=O if r < ro-a
kT (ro-a)' if ro-a < r < ro. (A8)
4t70l ~r j
From this expression and Eq. Al, one can obtain G, as defined in Eq. 36.
If this is substituted into Eq. 39b, there results
(4 - 4X + A2) (A9)
Numerical examples show that AK, is 3% or less the magnitude of Ki
determined by Eq. 42, so we conclude that the solute effect on the viscous
stress is negligible.
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